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First order Linear ODEs: Integrating factors

Reduced standard form: @(t) + p(t)xz(t) = q(t), briefly @ + pr = ¢ (*)
, . . ) 0]
Integrating factor: a function u(t) such that wi 4+ upxr = F(u;z').
(1
Computation: Thus pu = @, or u = el P

. d ,
Multiply (*) by w: F(u.z') = uq, so r = u_lfuq dt
(

1

The general solution of (*) has the form » = x, + cx), where x), = u™" is a nonzero

solution of the homogeneous equation = + pr = 0.

(a) Around here, the ocean experiences tides. About twice a day the ocean level rises and falls by
several feet. This is why small boats are often tied up to floating docks.

In roughest terms, the water level in the bay increases, over a small time interval(4t), by an amount
which is proportional to(assume its proportional by a factor of k)

(1) the difference between the ocean level and the bay level and
(2) the length of the small time interval.

Write y(t) for the height of the ocean, measured against some zero mark, and x(t) for the height of
the bay, measured against the same mark. Set up the first order linear equation that describes this
model. The equation must be in the form of “Reduced Standard form”, mentioned above. (4 points)



(b) Assume that the tide is high exactly every 4m hours (not a bad approximation). Suppose that the

ocean height is given by y(t) = cos(wt) (in meters and hours). What value does w take? (2 points)

(C) Find a solution of your differential equation using integrating factors. You may need the

following integral useful. (14 points)

1
k k :
e cos(wt) dt = e “(k cos(wt) + wsin(wt)) + ¢

(d) Prove that integral mentioned above is true. By differentiating the right-hand side of the integral
and showing that it’s equal to the left-hand side. (10 points)



